Recently, numerical solutions to the field equations of Einstein-scalar-Gauss-Bonnet (EsGB) gravity that correspond to black-holes with non-trivial scalar hair have been reported. Here, we employ the method of the continued-faction expansion in terms of a compact coordinate in order to obtain an analytical approximation for the aforementioned solutions. For a wide variety of coupling functions to the Gauss-Bonnet term we were able to obtain analytical expressions for the metric functions and the scalar field. In addition we estimated the accuracy of these approximations by calculating the black-hole shadows for such black holes. Excellent agreement between the numerical solutions and analytical approximations has been found.
I. INTRODUCTION
Nowadays black holes are the most important objects for understanding the regime of strong gravity. Observations in the gravitational [1] [2] [3] and electromagnetic [4, 5] spectra support General Relativity, but, at the same time, leave ample room for alternative theories of gravity [6, 7] . One of the most interesting alternative approaches is related to adding higher curvature corrections to the Einstein action. This kind of extensions of the Einstein gravity is inspired by the low energy limit of string theory [8, 9] and, presumably, could describe quantum corrected black holes. The lowest order correction is given by the (second order in curvature) Gauss-Bonnet term, which is pure divergence in four dimensional spacetimes, but, when coupled to a scalar field, it leads to modifications of the Einstein equations.
All the known black hole solutions in the fourdimensional Einstein-scalar-Gauss-Bonnet gravity are obtained either numerically [9] [10] [11] , or perturbatively [12, 13] , what makes it either difficult or impossible to use a number of tools for analysis of behavior of such solutions. Analytical expressions for such numerical blackhole metrics, which are valid in the whole space outside the event horizon, would allow us to see the explicit dependence of the metric on physical parameters of the system and to work with the metric as, essentially, with an exact solution. The approach to find-* roman.konoplya@gmail.com † thomasdpappas@gmail.com ‡ olexandr.zhydenko@ufabc.edu.br ing analytical approximations of numerical solutions was based on the general parametrization for spacetimes of static spherically symmetric black holes [14] and extended in [15] to axial symmetry. For spherical symmetry the parametrization uses a continued-fraction expansion in terms of a compactified radial coordinate. This choice leads to superior convergence properties and allows one to approximate a black-hole metric with a much smaller set of coefficients. This approach was used to construct the analytical approximation of numerical blackhole solutions in the Einstein-Weyl [16] , Einstein-dilatonGauss-Bonnet [17] and Einstein-scalar-Maxwell [18] theories. Further studies of observables in these parametrized spacetimes [19] [20] [21] [22] [23] [24] showed that usually it is sufficient only two-three orders of the continued fraction expansion in order to achieve reasonable accuracy.
In [17] the analytical approximation was found for the particular choice of the scalar field coupling -the dilaton, exponential coupling, which was considered numerically in [9] . Recently this approach was extended in [10] to various types of the scalar field function and allowed therefore, to look whether there are some common features for all the considered couplings of the scalar field. A similar problem was attacked numerically for case of the Einstein-scalar-Maxwell theory [25] and the study of its analytical approximation [18] showed that the radius of the black-hole shadow is increased for any of the considered couplings of the scalar field. Scalarization, that is the phenomenon of spontaneous acquiring of a scalar hair by the black hole as a result of the non-minimal coupling of a scalar field to the system, has been actively studied in [26] [27] [28] [29] [30] .
Here we will generalize the procedure for finding the
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analytical approximation in the Einstein-Gauss-Bonnet theory to the cases of various coupling functions of the scalar field. Then, we will apply the obtained parametrized black-hole metrics to the calculation of the radii of shadows in order to estimate the relative error due to the truncation of the continued fraction expansion which we used. We will also present the analytical expressions for both the radius of the photon sphere and the black-hole shadow.
The paper is organized as follows. In Sec. II we present the basics of the Einstein-scalar-Gauss-Bonnet theory. Sec. III is devoted to the introduction of the continued fraction expansion, while in Sec. IV we apply this procedure to the numerical solution of the EsGB black holes. Finally in Sec. V we find black hole shadows for the above numerical and parametrized black-hole metrics. In the Conclusions we summarize the obtained results and discuss the open questions.
II. BLACK HOLES IN EINSTEIN-SCALAR-GAUSS-BONNET GRAVITY
The Lagrangian for EsGB gravity reads
where the Gauss-Bonnet (GB) term is defined as
and ( ) is an arbitrary smooth function of the scalar field corresponding to GB coupling. In four dimensions, if ( ) is a constant, then the GB term is topological in the sense that it does not contribute to the field equations. In the case of an exponential coupling function ( ) ∝ black-hole solutions with scalar hair emerge for EsGB gravity and the first solutions were obtained numerically in [9] . More recently, the authors of [31] have reported that regular black-hole solutions with scalar hair appear as a generic feature of the theory (1).
Let us start by considering the following line element for a static and spherically symmetric spacetime:
We also assume that the scalar field shares the symmetries of the underlying spacetime and it thus depends solely on the radial coordinate . The Einstein equations that are derived from the theory (1) are the following:
Also, the scalar field equation of motion is
where it is understood that throughout this article a prime indicates differentiation with respect to the argument of the function. Numerical solutions to the field equations of EsGB gravity corresponding to black-holes with scalar hair have been recently found in [10] for a wide range of GB couplings. Here, by employing the method of [14] we shall obtain analytical approximations of these numerical solutions.
III. THE CONTINUED-FRACTIONS APPROXIMATION
In this section we outline the method of the continuedfractions approximation (CFA) [14] and introduce the notations we will use in the rest of the article.
In the original coordinate system of (3), the radius of the event horizon of the black hole 0 is determined by the vanishing of the norm of the time-like Killing vector associated with the invariance of the metric under time translations. This condition eventually translates to ( 0 ) = 0. Then, we may perform a radial coordinate transformation and introduce the compact coordinate
that ranges from = 0 at the location of the horizon up to = 1 at spatial infinity.
In the CFA, we consider a new metric ansatz that is suitable for approximating any spherically-symmetric metric to high-accuracy with only a small number of parameters [16, 17] . The metric coefficients of (3) are written in terms of the new set of functions ( ) and ( ) defined via the following relations:
By employing the method described in the previous section we have derived analytical approximations for numerical black-hole solutions emerging in EsGB gravity. More precisely, for all the numerical solutions obtained for the different coupling functions studied in [10] we give here the approximate analytic metric coefficients.
Near the location of the event horizon we may expand the metric functions and the scalar field as follows:
where
is the −th order derivative of the scalar field evaluated on the location of the horizon.
The value of the scalar field on the horizon 0 is a free parameter, subject to the requirement 1 ∈ R in order for a black-hole solution to exist. Upon specifying the form of the coupling function ( ), the first derivative of the scalar field 1 on the horizon is uniquely determined for each value of 0 through the constraint [10] 
Once the values of the parameters 1 , 0 , and 1 have been specified, the rest of the parameters , and in the expansions can be determined recursively up to an arbitrary order. This is achieved by substituting Eqs. (20) and (21) into the field equations and then solving the corresponding equations order by order in the expansion. It is convenient to introduce a new dimensionless parameter ∈ [0, 1] instead of 0 to parameterize the family of black-hole solutions for each GB coupling function as follows:
with the Schwarzschild limit corresponding to = 0 while for → 1 the maximal-coupling regime is approached.
For each value of we numerically integrate the field equations to obtain the accurate numerical solutions for the metric functions and the scalar field
1 . The parameter 1 is then fine-tuned such that for → ∞ we have ( ) → 1 and ( ) → 1. With these solutions at hand, the next step is to determine the values of the asymptotic parameters of the system. The asymptotic mass is computed by expanding the solution for ( ) at large values of the radial coordinate and isolating the numerical coefficient of the term ∼ 1/ . Then, according to (14) , simply corresponds to −1/2×(value of coefficient). This also determines the value of the parameter via (10) . Similarly, the asymptotic values for ∞ and of the scalar-field expansion (16) are determined via the corresponding coefficients of the expansion of the numerical solution for ( ).
The numerical values for the parameters ( , , ) are thus determined as described above for each value of 0 and 1 and in this way through Eqs. (8) and (17) one finally ends up with numerical values for the set ( , , ).
The above steps are repeated for different values of that span the allowed range [0, 1] and numerical data are collected for ( , , ). Then, one is able to perform a fitting of these data in order to obtain analytical expressions for the CFA parameters as functions of . It is then straightforward to write down approximate analytical expressions for the metric functions and the scalar field to the desired order in the CFA via (9) and (18) .
A. The even-polynomial coupling function
The first case we study is the even-polynomial coupling function
1 The interested reader can find more details about the numerical black-hole solutions emerging in EsGB gravity in [10] . The form of the dimensionless parameter (23) for this family of black-hole solutions is
and the allowed values for 0 are thus
In order to be able to perform the analysis we need to reduce the number of free parameters and so we choose as an indicative value = 1 in (24). The obtained analytical expressions for the parameters of the CFA (9), (13) , (18) and (19) 
The profile of the parameter with respect to is depicted in Fig.1 for all the GB-couplings we have studied in this article. The above parameters alone suffice for the determination of the analytical representation of ( ). We point out that a general feature of the approximate expressions for both the metric functions and the scalar field is that the relative error (RE) increases with . For the GBcoupling ( ) = 2 /4 when = 0.8 in Fig.2 we plot the RE between the forth-order analytical approximation for the ( ) metric function and its accurate numerical solution. The maximum error occurs around the photon sphere radius at ≈ 1.5 0 and is less than 0.24 %.
In turn, the analytical approximation of ( ) emerges via (8) and thus requires also the expressions for the parameters that are listed below 
Finally for the scalar field the analytically approximated parameters for the CFA are found to be 
In Fig.3 we plot the corresponding REs for the ( ) metric function and the scalar field ( ) both at fourth order in the CFA. The expressions for the second-order analytical approximations for the metric functions and the scalar field can be found in Appendix A for all the GB couplings studied in this article 2 .
B. The odd-polynomial coupling function
The odd-polynomial coupling function is
For this coupling the dimensionless parameter has the following form:
and the allowed values of 0 are 
C. The inverse-polynomial coupling function
The inverse-polynomial coupling function is
and the dimensionless parameter for this family of blackhole solutions turns out to be
The allowed range of values for 0 in this case is
Once again, we fix = 1 in order to perform the analysis. The approximate analytic expressions for the parameters in this case are given below 
D. The logarithmic coupling function
Finally we turn to the logarithmic coupling function
the dimensionless parameter for this type of black-holes is
and the allowed values of 0 are
The approximate analytic expressions for the parameters in this case are given below 
At this point, one must mention an important phenomenon, the eikonal instability, which takes place when the Gauss-Bonnet term is turned on. Once the GaussBonnet coupling constant is not small enough, the black hole solution suffers from a dynamical instability: if linearly perturbed, the perturbation grows unboundedly.
The linear instability breaks down and the regime of small perturbations, indicating that the black hole cannot exist in this range of parameters.
The instability brought by the Gauss-Bonnet term is of special kind: it develops at high multipole numbers, so that the summation over the multipole numbers cannot be valid anymore. This kind of instability was first observed for the higher dimensional Einstein-Gauss-Bonnet black holes [32] and later observed for a number of other cases, including black branes [33] , asymptotically dS and AdS black holes [34] [35] [36] , black holes and branes in theories with higher than the second order in curvature corrections [37] [38] [39] [40] . In some cases, the instability occurs not only for the gravitational perturbations, but also for the test scalar field [41] .
As the eikonal instability is a very wide phenomena which, it seems, does not depend on a particular form of the higher curvature correction, we believe that it must be present also for the Einstein-scalar-Gauss-Bonnet theory at least once the scalar coupling is not strong enough. Therefore, the regime of near extremal , corresponding to the maximal coupling, most probably does not represent any realistic stable black hole. Exactly in this regime our continued fraction expansion converges slowly. On the contrary, in the regime where one can expect stable configuration the second order expansion is sufficient to constrain the relative error by fractions of one percent. In other words, our analytical approximation must very accurate already at the second order, once one is limited by stable configurations.
V. BLACK-HOLE SHADOWS AND ACCURACY OF THE ANALYTICAL APPROXIMATION
In the previous sections we have obtained approximate analytical expressions for the metric functions and the scalar field up to fourth order in the CFA. In all cases, we have found excellent agreement between the numerical and analytical solutions by computing the RE. Still, the metric itself is not gauge invariant and comparison of various metric functions does not allow us to determine the accuracy of the analytical approximation. For the latter one needs to consider some gauge invariant, observable quantity.
Recently black-holes shadows have been intensively studied for various theories of gravity and astrophysical environment . In this section we perform the computation of the shadows cast by the EsGB black holes numerically. For different orders in the continued-fractions approximation we compute the shadows and compare them with the numerical ones. This way we have a gauge invariant measure of the accuracy of our approximation.
The radius of the photon sphere ℎ of a black hole in the coordinate system of (3) is determined by means of the following function: (see, for example, [63, 64] references therein)
as the solution to the equation
Then, the radius of the black-hole shadow ℎ as seen by a distant static observer located at will be
where in the last equation we have assumed that the observer is located sufficiently far away from the black hole so that she/he is deep in the asymptotically-flat regime i.e. ( ) ≈ 1. In the case of the Schwarzschild black hole it is known that ℎ = 1.5 0 and so according to (74) the shadow is ℎ ≈ 2.59808 0 . For the EsGB black holes, the deviations from these two limiting values are expected to increase with the parameter as we move further and further away from the Schwarzschild limit ( = 0). This is indeed the case as the plots for the numerical values of ℎ and ℎ reveal in Fig.4 . We point out that although ℎ is a non-observable auxiliary quantity, which is not gauge-invariant, it is very useful in many applications beyond the computation of black-hole shadows. To this end, its profile with as depicted in Fig.4 provides useful information. Also, in Appendix C, the interested reader can find approximate analytical expressions for these two quantities.
Having obtained the accurate solutions for the shadows numerically we can now compare how each order in the CFA stands against the numerical solutions. By terminating the series of the expansion of˜( ) (13) each time at 2 , 3 and 4 we obtain the second, third and fourth order analytical approximation for the ( ) metric function respectively.
The absolute RE of the analytical approximation of the black-hole shadow ℎ ( ) from the numerical solution ℎ , at each value of the dimensionless parameter , and for the three different orders in the CFA is given in Fig.5 The analytic expressions for the metric functions in the second and fourth order in CFA deviate from the numerical ones by less than 1% for almost the entirety of the GB couplings that we have studied in this work. Only for the inverse polynomial case, the deviation is slightly larger but still smaller than 1.4%. It is noteworthy that these maximal values for the RE actually emerge in the large-regime where the black-holes are presumably unstable. Thus for viable black-hole solutions the RE is quite small.
Notice that the third order approximation gives slightly worse accuracy for some values of than those of the second and fourth order. We believe that this happens because the fitting procedure keeps some uncertainties: there are a number of ways to make better fitting of the parameters at the lower orders, but worse at the higher ones and vice versa.
VI. CONCLUSIONS
In the context of Einstein-scalar-Gauss-Bonnet gravity, a plethora of black hole solutions with non-trivial scalar hair emerge for different coupling functions to the Gauss-Bonnet (GB) term [31] . This has been recently demonstrated in [10] where numerical solutions to the field equations have been obtained for four different GBcouplings (even-, odd-, inverse-polynomial and logarithmic). In this work, we employed the powerful method of the continued-fractions approximation [14] in order to obtain analytic expressions for the metric functions and the scalar field for the aforementioned GB-couplings.
For each coupling function we parametrized the family of black hole solutions that emerge in terms of a dimensionless compact parameter that ranges from 0 (Schwarzschild limit) to 1. The analytical representation is based on the continued fraction expansion which converges quickly for all values of except the regime of near extremal coupling, when is close to unity. It is known that in this regime, Gauss-Bonnet black holes (as well as all the other known higher curvature corrected black holes and branes whose gravitational perturbations were investigated) are unstable and, therefore, cannot exist. Although the (in)stability for the above considered couplings of the scalar field have not been studied in the literature so far, we assume that at least in the regime of the weak scalar field, the instability should remain. It would be interesting to check this supposition on the instability of EsGB black holes in the future.
We performed the computation up to the forth order in the continued-fractions expansion and we have found that the deviation of the analytic expressions from the accurate numerical ones is at most of the order of (1) % for stable black-hole configurations. This observation alone is not sufficient to guaranty the high accuracy of the approximation since the metric coefficients are not gaugeinvariant quantities.
To this end, in order to make a concrete and gauge invariant statement about the accuracy of the approximation we turned to the black-hole shadows cast by the EsGB black holes. We computed the shadows for four GB-couplings numerically and compared them against the approximate results obtained via the analytical approximation to second, third and fourth order. We found that already in the second order, the largest relative error for the analytical approximations emerges in the maximal coupling limit → 1 and is less than 1 %.
We noticed that all the considered coupling functions lead to an increase of the radius of the black hole shadow. In addition, we have obtained analytical expressions for the photon sphere which increases for all the couplings as well. The obtained here analytical representation for the black-hole metrics and scalar fields in the Einsteinscalar-Gauss-Bonnet theory allows one to explore various analytical, semi-analytical and numerical tools in order to study various effects in the background of these solutions, such as accretion of matter, quasinormal modes, scattering, Hawking radiation and others.
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These functions are rational functions of , which we give in the following form:
where the numerators, (1) , (2) , (3) , and the denominators, (1) , (2) , (3) , for each of the functions are given for each coupling separately.
where ( 
(1) = 
3. Inverse-polynomial GB coupling 
